Hermitian squared mass matrices of charged leptons and light neutrinos in the flavor basis are studied under general additive lowest order perturbations away from the tribimaximal (TBM) limit in which a weak basis with mass diagonal charged leptons is chosen. Simple analytical expressions are found for the three measurable TBM-deviants in terms of perturbation parameters appearing in the neutrino and charged lepton eigenstates in the flavor basis. Taking unnatural cancellations to be absent and charged lepton perturbation parameters to be small, constrained analytical and testable interrelations are derived among neutrino masses, mixing angles and the amount of CP-violation, posing the challenge of verification to forthcoming experiments at the intensity frontier.
The observed mixing of elementary fermions from the three known families poses an intriguing puzzle. The masses of both type u and type d quarks are hierarchical with respect to generations and so are those of charged leptons ℓ. Quark mixing angles get progressively smaller as one moves from 1-2 to 2-3 and 1-3 generation mixing. But leptonic mixing angles are larger and show a different pattern. The respective quark and lepton unitary mixing matrices, V CKM and U P M N S , approximately are [1] |V CKM | ∼ 
Why are the two so unlike [2] each other? In detail, recent global fits [3, 4, 5] of the pairwise mixing angles [6] , appearing in U P M N S , yield the 3σ ranges 31 0 < θ 12 < 36 0 , 36 0 < θ 23 < 55 0 and 7.2 0 < θ 13 < 10 0 . On the other hand, despite our current ignorance about the precise values of the (generally complex 1 ) light neutrino masses m νi (i = 1, 2, 3), for ∆ 32 ≡ |m ν3 | 2 − |m ν2 | 2 and ∆ 21 ≡ |m ν2 | 2 − |m ν1 | 2 , it is established [3, 4] that 7.00 < ∆ 21 (10 5 eV 2 ) < 8.09 and 2.195 < [∆ 32 (10 3 eV 2 ) > 0] < 2.625 or −2.649 < [∆ 32 (10 3 eV 2 ) < 0] < −2.242. Moreover, cosmological observations, strengthened by recent data from the PLANCK satellite, claim [7] that i |m νi | < 0.23 eV . It is still unknown whether neutrinos are hierarchical or quasidegenerate in mass. Nonetheless, a non-hierarchical mixing principle seems to operate among them. Let U t be the unitary transformation that diagonalizes the hermitian squared mass matrix M † t M t in the flavor basis of a fermion of type t. Then U u , U d , U ℓ can all be taken to show a hierarchical pattern, whereas U ν seems governed by a different principle. It is worthwhile to try to gain new insights into this principle through more precise measurements of the leptonic mixing angles and the associated CP violating phase δ CP , as well as of the concerned neutrino masses, that can test mixing interconnections predicted from specific theoretical ideas. Our aim here is to derive some such interrelations analytically. Among many such ideas, which have spawned a vast literature [2, 8] , one that stands out on the strength of its elegence is tribimaximal mixing (TBM) [9, 10] . Let us henceforth use the superscript zero everywhere to denote the TBM limit. Suppose, in this limit, we choose a basis with mass diagonal charged leptons, i.e. the latter are taken to have a Dirac mass matrix M 0 ℓ = diag. (m 0 e , m 0 µ , m 0 τ ). Let us also encapsulate neutrino masses and mixing angles in the complex symmetric Majorana mass matrix M νf = U * ν M ν U † ν in the flavor basis. When elements of the latter obey the following relations
the TBM pattern obtains with θ 0 12 = sin
1/2 = 45 • and θ 0 13 = 0. In this limit, M 0 νf can be written most generally as
with X, Y, Z being unknown complex mass dimensional parameters. Such a TBM pattern has been shown to follow [8, 10] from specific realizations of discrete family symmetries, such as A 4 , S 3 and ∆ 27 , a few of which have also suggested [11] certain neutrino mixing sum-rules. Though the currently allowed ranges of θ 12 and θ 23 are compatible with their TBM values, such is a fortiori not the case with θ 13 . Indeed, the measurement of a significantly nonzero value of θ 13 has been a major experimental advance recently [12] especially since CP-violation, that is observable in neutrino oscillations through the phase δ CP , enters via the terms s 13 e ±iδ CP . The next natural query is: does the TBM idea still hold approximately?
We try to answer this last question by adding small general perturbations to the TBM limits of hermitian squared mass matrices M ℓ † M ℓ and M † νf M νf . Much effort [13] has already been expended in treating perturbative deviations from the TBM conditions (2), (3) and (4). But we bring out novel features of neutrino mixing by analytically deriving a result, with one of two testable possibilities, which merits being highlighted. We do not assume any additional model (either at a high or at a low scale) or discrete family symmetry but perform a lowest order model independent analysis with the most general TBM violating perturbation matrices. Moreover, our results on neutrino mixing do not need to assume anything about the neutrino mass hierarchy. Since the perturbations are expected to be some kind of symmetry breaking terms, we characterize them by a set of small parameters {ǫ ν,ℓ }. All members of the subset {ǫ ν } in the neutrino sector are taken to be typically of magnitude ∼ s 13 ≡ sin θ 13 ∼ 0.16, i.e. of the order of 16% (or thereabouts) of the unperturbed quantities. On the other hand, {ǫ ℓ } in the charged lepton sector are expected to be significantly smaller on account of the extremely hierarchical nature of the charged lepton masses. Of course, the neglected O(ǫ 2 ) terms are estimated to be only at a couple of percent level which is quite a bit below the present and expected future accuracy of neutrino oscillation experiments.
In the TBM limit [9] , one has
where
The normalized eigenvectors of M 0 νf † M 0 νf are the columns of U 0 ν :
The corresponding ones in the mass basis are
The situation is simpler for charged leptons with the mass basis and the flavor basis being identical in the TBM limit. The corresponding eigenvectors obey
With the perturbation added,
Here 
In (12),
Note that (13) and (14) have been written in the mass basis utilizing the fact that ǫ ν,ℓ ik and p ν,l ik are identical in either basis. On the other hand, the LHS of (12) for i = 1, 2, 3 can be identified with the three corresponding columns of
Let us define the Majorana phase matrix K = diag.(1, e iα 21 /2 , e iα 32 /2 ). Then The RHS of (16) can be identified with the form of U P M N S in the PDG convention [6] with c ij ≡ cos θ ij and s ij ≡ sin θ ij , namely 
The Majorana phase matrix cancels out in the above identification. Moreover, one is led to four independent constraints:
Im (ǫ
In addition, the following expressions 2 , which are linear in the ǫ parameters, emerge for the three measurable deviants from tribimaximal mixing:
2 Note that
One is then able to write
The basis independent Jarlskog invariant
] now turns out to be
Let us now take the perturbing mass matrices for neutrinos and charged leptons, with respective complex mass dimensional parameters µ ij = µ ji and λ ij , as
and explore their consequences to the lowest order. The identity of the charged lepton mass basis and flavor basis in the TBM limit makes the calculations in this case quite straightforward; (13) and (14) lead to 
On account of (32), (26) now reduces to
Also,
For neutrinos, the relevant off-diagonal elements of
Each RHS above is nonzero if all the TBM conditions (2), (3) and (4) are violated by M ′ νf . It is now convenient to define
Then (13), (14), (35), (37) and (36) enable us to write ǫ ν ik in terms of the following combinations of elements of M ′ νf :
i Im ǫ ν
13
Re ǫ ν
Needless to add that order ǫ 2 terms have been neglected in deriving the above results.
We can discuss the implications of (40), (41) | has to be significantly less than s 13 (though we are unable to make a precise prediction) or alternatively sin δ CP as well as J would be unobservably small. Note, moreover, that in option (1) one needs to use degenerate perturbation theory [14] with respct to the TBM limit for the 1-2 sector of neutrinos. In the latter case, the perturbation splits the 1-2 mass degeneracy and generates the solar neutrino mass difference with m 0 ν1 = m 0 ν2 = m 0 ν . One then obtains
as calculated using (14) and (28). Additionally, to order ǫ, s 13 e iδ CP can be obtained in terms of m 0 ν3 , m 0 ν , m 0 e , m 0 µ , m 0 τ as well as the µ and λ parameters by using (24) and employing the expressions for the ǫ parameters. We choose not write that full expression here.
Some comments on the issue of unnatural cancellations are in order. The TBM breaking terms in the mass matrix of charged leptons do not leave any residual symmetry except possibly some rephasing invariances. As stated earlier, given that m e << m µ << m τ , the cancellations required to avoid the reality condition on all λ ij (for i = j) cannot be effected by any such invariance. In the neutrino case, there mostly is a residual Z 2 symmetry [8, 10] after TBM is broken. Even such a discrete symmetry does not generally enable one to obtain the concerned complicated equality between specific combinations of TBM violating perturbation parameters, TBM invariant neutrino masses as well as Majorana phases. We feel, therefore, that our argument ruling out such cancellations is sound and our conclusions are reliable.
Let us finally remark on the relevance of our results to planned neutrino experiments at the proton beam intensity frontier. A combination [15] of data from the ongoing and upcoming runs of the T2K and NOvA experiments will sensitively probe the existence of any possible deviation from 1 2 in s 23 . Suppose such a deviation is discovered at a significant level, say comparable in percentage terms to (100 s 13 )% of the maximal value, then within our framework we would expect a non-observation of CP-violation in neutrino oscilations in the above data [16] . Contrariwise, the failure to measure any such deviation outside error bars would bolster the hope of detecting CP-nonconservation for oscillating neutrinos which would be allowed to order ǫ. The latter would be good news not only for a combined analysis of data from forthcoming runs [16] of T2K and NOvA, but also for future experiments with superbeams, such as LBNE [17] , LBNO [18] or a neutrino factory at 10 GeV [19], aiming to observe CP-violation from the difference in oscillation probabilities, P (ν µ → ν e ) − P (ν µ →ν e ). Current evidence from global analyses either for a nonmaximal θ 23 or for a nonzero δ CP /J is by no means robust and a future experimental resolution of these two issues is urgently needed.
In summary, linear expressions have been analytically derived, valid with any possible neutrino mass hierarchy, for the three measurable TBM-variants in terms of lowest order perturbation parameters. Constrained interrelations among those parameters have been obtained from the requirement that the perturbed charged lepton and neutrino flavor eigenstate vectors have to constitute the columns of the respective unitary matrices U ℓ and U ν . With the plausible assumptions of the mixing caused by charged leptons being significantly smaller than that due to neutrinos and no unnatural cancellations, we have obtained a result, forcing one of two possibilities, which should be testable in the foreseeable future. Our bottom line is that if both a veviation from maximality in θ 23 and a non-zero ammount of CP-violation are discovered in forthcoming neutrino oscillation experiments, perturbed tribimaximality will cease to be an attactive theoretical option.
